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- Solutions
Qn?calf to maximal
< fi fo fn fu ) points of minors of Jac(f)
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f‘HfZZ - fW2f21
f‘\‘\fB _f13f21
funfos — frafor
fWZfB 7ﬁ3f22
f‘\2f24 _f‘MfZZ
fiafou = fuuf




Determinantal systems
iti Solutions
i maXimal
< fﬂ f12 fB ]cu. ) P minors of Jac(f)

o o [ fu

H

fuf2 = frofn
fufs — fiafan
funfos — frafor
fiofos — faf

fuofos — fiaf - —
Fofo — Fufss The MinRank Problem

fij are linear forms in k[xi, . . ., X].
Post-quantum crypto Find a € k" with rank(M(a)) <.
(multivariate and code-
based cryptography)
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Polynomial systems solving
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Grobner basis
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Macaulay matrices - linearization

Assume F homogeneous.
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Assume F homogeneous.
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Macaulay matrices - linearization

Assume F homogeneous.

X X Xy xpP
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f1 = 2 + 11xy — y* v o 2 1

f) = +xy — 2y
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Macaulay matrices - linearization

Assume F homogeneous.

X <Xy x? P
A xfh /2 M -1 0

f1 = 2 + 11xy — y* X v o 2 1
f, = 4x? + xy — 2y —— x4 1 =20
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Assume F homogeneous.
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Macaulay matrices - linearization

Assume F homogeneous.
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Macaulay matrices - linearization

Assume F homogeneous.
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Macaulay matrices - linearization

Assume F homogeneous.

X X Xy xpP
A /2 1M -1 0
f1 = 2 + 11xy — y* . y? 2 3 112 —01
2 2 X -

fa = 4x jxy—2y2c)ﬁj 0 4 1 -2
= —6X"—Xy+Vy Y o 6 —1 1 0
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Theorem (Macaulay bound, [Lazard, 1983])

The maximum degree of a polynomial in the grevlex Grobner basis of a
generic polynomial system fi,...,fm is

(Z deg(f)) — 1) +1.

i=1
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Assume F homogeneous.
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Assume F homogeneous.
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Theorem (Macaulay bound, [Lazard, 1983])

The maximum degree of a polynomial in the grevlex Grobner basis of a

generic polynomial system fi, ... fm is
L algebraic
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regularity (; eti)

The rows of the echelonization of the Macaulay matrix of F in degree d form
the elements of degree d of a =-Grobner basis for F.



Macaulay matrices - linearization

Assume F homogeneous.

X X Xy xpP
N A 11 1 0

_ ) Theorem ([Faugeére, Safey, Spaenlehauer, 2013])
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f, = 4, The complexity of computing a GB of the system ¢ 0
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the elements of degree d of a =-Grobner basis for F. 4



Macaulay matrices - linearization

Assume F homogeneous.

X X Xy xpP
N A 11 1 0

_ ) Theorem ([Faugeére, Safey, Spaenlehauer, 2013])

f1 =f
f, = 4, The complexity of computing a GB of the system ¢ 0
_ _ of (r+1)-minors of an n x n matrix of generic _02

homogeneous linear forms is in

0 < n >2.<I?+r(n—r)+1>w
Theorem (M: r+1 R '

The maximum degree of a polynomial in the grevlex Grobner basis of a

generic polynomial system f,...,fm is
algenoais . .
L oro| This upper bound is not very sharp since the

Macaulay matrices are not full rank!

regu

The rows of the echelonization of the Macaulay matrix of F in degree d form
the elements of degree d of a =-Grobner basis for F. 4
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Let k = Iy, == grevlex .

fi = 5%* + 5Xy + 3y + 5xz + 5yz + 67°
for=2¢ 4 xy+ 4y + 2z + 47
fy = 4 + xy + 4Y* + 3xz + 5yz + 27



The F5 algorithm ( )

Let k = Iy, == grevlex .

fi = 5%* + 5Xy + 3y + 5xz + 5yz + 67°
for=2¢ 4 xy+ 4y + 2z + 47
fy = 4 + xy + 4Y* + 3xz + 5yz + 27
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The F5 algorithm (

Let k = Iy, == grevlex .
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The F5 algorithm ( )

Let k = Iy, == grevlex .
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The F5 algorithm ( )

Let k = Iy, == grevlex .

(f1,...,fm) generic
fi = 5%* + 5Xy + 3y + 5XZ + 57 + 67 ﬂ
for=2¢ 4 xy+ 4y + 2z + 47

= Ly Txy+ 4y2 4 3xz 4 5yz + 22 No reductions to zero.

Precise complexity analysis '

M, M,
XZ Xy yZ Xz yz ZZ Xy Ry xP Y Xz Xyz xz Yz X2 xR YR x2 oy 7
(¥ (5 5 3 0 05 5 0 0 6 0 0 0 0 0
(1,1) Gw|o s 5 3 00 5 5 0 0 6 0 0 0 0
a¥)lo o 5 5 3 0 0o 5 5 0 0 6 0 0 0
(2,1) x|o 0o o o 05 5 3 0 5 5 0 6 0 0
@y)|lo o o o 00 5 5 3 0 5 5 0 6 0
@) @2)]o 0o o 0o 00 0o 0o 0 5 5 3 5 5 6
Crr e 0020 00 4 0 0000
. ] @w)|0 2 1 4 00 2 0 0 0 4 0 0 00
Lazard: M, is 18 x 15. @vylo o 2 1 4 0 0o 2 0 0 0 4 0 0 0
. 2|0 0 0 0 0 2 1 4 0 2 0 0 4 0 0
Fs: M. is 15 x 15 and full rank! Gl 0 5 000 2 1 4 0 2 o0 0 4o
@7)|0o 0o 0o 0 0 0 0 0 0 2 1 4 2 0 4
(3.xy)
Gy |0 0 4 1 4 0 0 3 5 0 0 2 0 00
Gx|o o o o 0 4 1 4 0 3 5 0 2 0 0
Gy)|lo o o o 0 0 4 1 4 0 3 5 0 2 0
3@A\0 0o 0o 000 0 0 0O 4 1 4 3 5 2 5
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The F5 algorithm ( )

Let k = Iy, == grevlex .

(f1,...,fm) generic
fi = 5%* + 5Xy + 3y + 5XZ + 57 + 67 ﬂ
fr = 2 + Xy + 47 + 2x7 + 47°

=4 +x+ Determinantal systems
o are not generic!

ero.
analysis '

2

3

X Xy yZ Xz yz ZZ XXy X xR Y Xz Xz xPz vz X2 oxyi PR x2 yR 7

(1.)(2) 5 5 3 0 0 5 5 0 0 6 0 0 0 0 0

(17 '|) Gw)[o s 5 3 00 5 5 0 0 6 0 0 0 0
y¥)|o o 5 5 3 0 0 5 5 0 0 6 0 0 0

(2,1) x| o o o 0o o0 5 5 3 0 5 5 0 6 0 0
1,yZ, 0 0 0 0 0 o0 5 5 3 0 5 5 0 6 0

(37 1) 0 0 1 2 0 4 Ew.i‘)) 000 0 000 0 O 0 5 5 3 5 5 ¢
Crr e 0020 00 4 0 0000

. H @xy) [0 2 1 4 0 0 2 0 0 0 4 0 0 0 0
Lazard: M, is 18 x 15. @)oo 2 1 40 0o 2 0o 0o 0o 4 0o 0 0
. 2x) [0 0 0o 0 0 2 1 4 0 2 0 0 4 0 0
Fs: M, is 15 x 15 and full rank! Gl 0 5 000 2 1 4 0 2 o0 0 4o
@) [0 0 0o 0o 0 0 0o 0o 0o 2 1 4 2 0 4
(3,x)
(3x)
By)|0 0 4 1 4 0 0 3 5 0 0 2 0 0 0
(3,x2) 0 0 0 0 0 4 1 4 0 3 5 0 2 0 0
Bz [0 0 0 0 0 0 4 1 4 0 3 5 0 2 0
@AH\0 0 0 0 00 0 O 0O 4 1 4 3 5 2 5

"[Bardet, Faugére, Salvy, 2015]



The F5 algorithm ( )

Let k = Iy, == grevlex .

(f1,...,fm) generic
fi = 5%* + 5Xy + 3y + 5XZ + 57 + 67 ﬂ
fr = 2 + Xy + 47 + 2x7 + 47°

=4 +x+ Determinantal systems
o are not generic!

ero.
analysis '

XZ Xy yZ Xz yz ZZ Xy Ry xP Y Xz Xyz xz Yz X2 xR YR x2 oy 7
(W.Xz) 5 5 3 0 0 5 5 0 0 6 0 0 0 0 0
(1 '|) (1,%9) (o 5 5 3 0 0 5 5 0 0 6 0 0 0 0
27 1 (1.4 0 0 5 5 3 0 0 5 5 0 0 6 0 0 0
. 5 5 0 6 0 0
(2,1) How do we remove reductions to zero? o 5 5 0 6 0
(371) O O 1 - e o / mzy 0 0 0 0 ) 0 4] 0 0 5 5 3 5 5 6
2,)
. H @xy) [0 2 1 4 0 0 2 0 0 0 4 0 0 0 0
Lazard: M, is 18 x 15. @vylo o 2 1 4 0 0o 2 0 0 0 4 0 0 0
H 2,XZ 0 0 0 0o 0 2 1 4 0 2 0 0 4 0 0
Fs: M. is 15 x 15 and full rank! Gl 0 5 000 2 1 4 0 2 o0 0 4o
@22 (o 0o 0o 0o 0 0 0o 0 0 2 1 4 2 0 4
(3.4)
(3.xy)
(B,y/) 0 0 4 1 4 0 0 3 5 0 0 2 0 0 0
(3,x2) 0 0 0 0 0 4 1 4 0 3 5 0 2 0 0
Bz [0 0 0 0 0 0 4 1 4 0 3 5 0 2 0
(3.12) 0 0 0 0 0 o0 0 0 0 4 1 4 3 5 2 5

"[Bardet, Faugére, Salvy, 2015]
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Contributions

M is an n x n matrix of generic linear forms over k[x,...,x¢], r < n —1. Let
F-(M) be the system of (r 4+ 1)-minors of M. Suppose F(M) is
zero-dimensional.

New Fs-type criteria

- Allows us to avoid all reductions to zero in degree r + 2

2
~ n w +2r+2 | reductions avoided.
r+2 n—r—-1

- When r = n — 2, allows us to avoid all reductions to zero.

Theorem ([G., Neiger, Safey El Din, 2023])

The complexity of computing a grevlex Grobner basis for the system of
(n —1)-minors of M is in

O(n2w+3)

° hw—1
Homogeneous: O(N*“=") > Q(n°)

Affine: o(n*)
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Definition (Syzygy) |

(a1,...,am) € Kk[x1,...,xx]" with
a1ﬁ+"'+amfm20

is called a syzygy of fi, ..., fm.
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(8
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Syzygies

Example (Koszul syzygies) }

Definition (Syzygy)
fi = LT(fi) + tail(f7)

(a1,...,am) € Kk[x1,...,xx]" with
(8
a - +a =0 .
thi4 oo+ amfm LT(F)f, = £f, — tail(F)f .
is called a syzygy of fa,...,fm. e combination of
matrix Macaulay matrix

Reductions

SiEiEs O 7 to zero in Fs

Theorem ([Hilbert, 1890])
. do_ ]
Free resolution 0 — & 25 &, 1 X ... s g Dy gy & (F) =0 =

Syz,,(F) = ker(dg) = im(dgi1).
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mj = determinant of submatrix of M given by deleting i-th row, j-th column.

fn fo fa fu
ool . | D

fo fu fu fu

X X x X
fa fio fo o fu

fumn — famr + fisms — fumu = 0
 —



The Gulliksen-Negard complex

mj = determinant of submatrix of M given by deleting i-th row, j-th column.

fuo fo fiu fu
Type (fn fa fo ful

fa fo fn fu

(fa fu fo fu
ﬁ(\ th fld ﬁm

fumn — famr + fisms — fumu = 0
 —



The Gulliksen-Negard complex

mj = determinant of submatrix of M given by deleting i-th row, j-th column.

fn fo fa fu
Type | fo fa fa fu
fa fo fn fu
fo fa fo fu

fumn — famr + fisms — fumu = 0

—_— {fzwmm — famu + famiz — fumu = 0

fu fo fi fu



The Gulliksen-Negard complex

mj = determinant of submatrix of M given by deleting i-th row, j-th column.

fuo fo fiu fu 0
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X X X X

fa fo fi fu
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mj = determinant of submatrix of M given by deleting i-th row, j-th column.
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mj = determinant of submatrix of M given by deleting i-th row, j-th column.
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mj = determinant of submatrix of M given by deleting i-th row, j-th column.
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Type |
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The Gulliksen-Negard complex

mj = determinant of submatrix of M given by deleting i-th row, j-th column.
fo fo fo fu
fZW fZl fB fZA
f}W f}? f}} f}u

X X X X

fumn — famr + fisms — fumu = 0
——> { fama — famu + fami — fumu = 0

fsimn — famu + fm — faum, = 0

Type |

fa fau
f2 fa fu
fio fu fu

famar — faima + farMar — famrz + famaz — fiumu, = 0
fumn — fomy 4 fami — fuma

Type Il I i



The Gulliksen-Negard complex

mj = determinant of submatrix of M given by deleting i-th row, j-th column.

fo fo fi fu ,
Type | fn fa o fu fumn — fame + famis — fumu =
> S Foimn — faamu + fosmis — foumi, = 0
fa fo fn fu

fsimn — famu + fm — faum, = 0
X X X X

fi fau
fio fu fu

famar — faima + farMar — famrz + famaz — fiumu, = 0

famar — foMaz + f3Mas — foumas
’ : : - famu + fama — fuma — faMa + frsmas — fruma = 0

I —

fom £ 2 ® o
frama — fimar + fsima — fiame

Type Il



The Gulliksen-Negard complex

mj = determinant of submatrix of M given by deleting i-th row, j-th column.
fi fo fo fu
Typel o fo fu fu
f}W f}? f}} f}u

X X X X

fumn — famr + fisms — fumu = 0
——> { fama — famu + fami — fumu = 0

fsimn — famu + fm — faum, = 0

fo fis fu
fZZ fz:i szQ
f‘oz

fuz fuu

faimar = famzi + faimar — fume + famiz — fumi, =0
frma + faMs — fuMus — fama + f3Mas — faumas = 0
fumu — faima — fuMa + fzamsa — fzsmss + fzamze = 0

frimar — foMa + f13mas — faamas

fiim — foima + fsim. faiMe

Type Il



The Gulliksen-Negard complex

mj = determinant of submatrix of M given by deleting i-th row, j-th column.
fr fo fz fu

My — fama + fismiz — fiumi, = 0
Type | o f2 fo fu e e
B fo fo f ——> { fama — famu + fami — fumu = 0
51 o fs fu
faiman — faama + fiamaz — faum, =0
X X X X
fo fs fu
fa fn fu

fo fn fu

f f f 7 famar — faima + farMar — famrz + famaz — fiumu, = 0
wMur — fiaMug + fa3Mu3 — fasMas
! ’ : famu + fama — fuma — faMa + frsmas — fruma = 0
Type Il h I ) fumn — fama — faMu + fams; — fzMsz + faams, = 0
famu — fama + fsim faima

fuma = famzr + f5ims — fiaMaz + fasMus — faemas = 0



The Gulliksen-Negard complex

mj = determinant of submatrix of M given by deleting i-th row, j-th column.
fi fo fo fu

Typel o fo fu fu

f}W f37 f}} f}u

X X X X

famn — fam + fismiz — fumu = 0
——> { fama — famu + fami — fumu = 0

fsimn — famu + fm — faum, = 0

fo fo fo o fu Theorem ([Kurano, 1989])

fn fa fo fu The syzygies between the (r 4+ 1)-minors of M are
B B & generated by the syzygies between the (r + 1) minors of
o e fi e the (r+2) x (r + 2) submatrices of M.

faimar = famzi + faimar — fume + famiz — fumi, =0

frma + faMs — fuMus — fama + f3Mas — faumas = 0
—

fumu — faima — fuMa + fzamsa — fzsmss + fzamze = 0

famn — famar + fsaima — faaMaz + fisMas — fasmee = 0

furMar — faaMaz + fuaMaz — faaMus

Type Il I

fo1ma1 + fsim:
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New Fs algorithms - the general case
Matrix M of generic Generating set
linear forms for Syz(Fr(M))

#SyZ(Fr(M))=< " ) (A 1 arsa).

Leading terms | Fs . )
of Syz(F(M)); H Grobner basis for F(M)

r+2 n—r—1

Theorem ([Eagon, Hochster, 1971])

F-(M) has a free resolution of length (n — r)?.

Syz,(F/(M)) # 0 Cannot efficiently
for — compute a Grobner
basis for Syz(F,(M))

1T<R<(n—ry.
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New Fs algorithms - the case r=n — 2

Gulliksen-Negard | Generating sets
for Syz(F.(M))
and Syz,(F/(M))

Matrix M of generic
linear forms

Fs (module)

Fs (module) Grobner basis

for Syz, (Fr(M))

Grobner basis

for Syz(F-(M))

Fs

Grobner basis for F.(M) All reductions to zero are avoided
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Qulllksen— Hilbert series of /(M) Ranks of Macaulay
Negard complex matrices
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A complexity analysis in the case r=n —2
Gﬂu“ikseni
Negard complex matrices

Theorem ([G., Neiger, Safey, 2023]) ‘

Let M be a matrix of generic linear forms in four variables. The complexity of computing a grevlex-Grébner basis for
Fr(M) is in
R w—1
@ g(d2+(—2n+4)d+4n2—lm+3)(2+d—n) 2n+1
d=n—1 3 > !

Asymptotically:
[Faugere, Safey, Spaenlehauer, 2013] [G., Neiger, Safey El Din, 2023]

o1~ o()

Refined further to O(n***) and established lower bound Q(n®).



Experimental results

rank || Std.Fs | Det. Fs nlrTk D

d d | rank || Std.Fs | DetFs |
; 163Ao z?e 2] 36
St 41943 164
8|6| 4|13 [0 276 | 385 0 ||| 5B
110360 || 471 3 ]| 100 n]r[ k _DJ]d] rank [[Std.Fs [ Det.Fs |
12 || 454 || 559 4 ]| 450 2 ][ 100 100 100
13 [ 560 || 650 512]9|7[5] 1278 51|16 |4 3] 800 || 1600
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10 [ 251 || 401 w225 1 225 1 225 4 |[ 3250 || 6400 I
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14 679 0 .
| ~ 30% of reductions to zero removed

in general case
k= number of vai.

D= highest degree appearing in the (reduced) grevlex Grobner basis for F(M).

B When r = n — 2, all Macaulay matrices are full rank.
B When r < n — 2, the Macaulay matrix in degree r + 2 is full rank.
B Many reductions to zero remain in higher degrees.
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- Second syzygies in the general case. [Ma, 1994]
- Free resolutions of determinantal ideals. [Lascoux, 1978]
- The maximal minor case. [Eagon, Northcott, 1962]

- Implications of sharper complexity results for cryptography schemes.
- Efficient implementations of new algorithms.



Thanks. Questions?



Sharper complexity bounds

fi

fm

X XXy e XaXp
1 0 0
0 1 0
0 0 1

Identity block
(reverse lexicographic ideal)

2

Xp—1Xp X

X X X

X X X

X X X
Dense block



Sharper complexity bounds

X XXy o XaXp e XpiXe X
fi 1 o .- 0 X X X
o 1 .- 0
: : : 5 : X X X
fn \O 0 ... 1 X X
Identity block Dense block

(reverse lexicographic ideal)

XXXy o XeXaXp o Xe_1Xe X3
X1f1 1 0 s 0 X X X
Xof4 0 1 cee 0
X1 0 1 . 0
: : : : X X X
Xefm \ O o .- 1 X X X



Sharper complexity bounds

X XXy o XaXp e XpiXe X
fi 1 o .- 0 X X X
o 1 .- 0
: : : 5 : X X X
fn \O 0 ... 1 X X
Identity block Dense block

(reverse lexicographic ideal)

3 2 2 3
X7 XiXa o0 XpXaXp o v Xp—aXp X
X1f1 1 0 s 0 X X X

X2f1 0 . 0
X1 0 . 0

Xefm \ O o .- 1 X X X



Sharper complexity bounds

2
X2 XiXa e XaXp ccc Xe—1Xk Xp
“ et ”
Collisions” in
fi 1 o .- 0 X X X .
Macaulay matrices
0 1 0
: : : 5 : X X X
fn \O 0 ... 1 X X X
Identity block Dense block
(reverse lexicographic ideal)

New GB elements
2 2 3
XXXy o XeXaXp o Xe_1Xe X3 o

xifa 1 (O 0 X X X reductions to zero
xhi o @ -~ o '
X 0 . 0

Xefm \ O o .- 1 X X X




Sharper complexity bounds

2
X2 XiXa e XaXp ccc Xe—1Xk Xp
“ et ”
Collisions” in
fi 1 o .- 0 X X X .
Macaulay matrices
0 1 0
: : : 5 : X X X
fn \O 0 ... 1 X X
Identity block Dense block
(reverse lexicographic ideal)

New GB elements

XXXy o XeXaXp o Xe_1Xe X3 o
xifs 1 0 .- 0 X X X reductions to zero
X2f1 0 . °ooo0 0 :
;(1 0 . . O Revlex+Hilbert series
5 . X X X
Xefm \O 0O ... 1 X X X Exact size of GB



