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F Cklx,..., x,] a polynomial system.
Definition (Grobner bases)

A —-Grobner basis is a finite generating set G for (F) such that

(LM~ (G)) = LM ((F)).

Compute Change
Grébner basis { W of ordering
@ grevlex order L GBgrevlex J FGLM {GBlex ]
Complexity
Doubly exponential in the number of variables. [Mayr, Mayer, 1982]

For zero-dimensional systems:

rpax{degf}o(# of variables) [Lazard, 1983]
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Theorem [Spaenlehauer, 2013]

%1, 9 € klx x,] all homogeneous
of degree §. Generically, the number of arithmetic operations in k

required to compute a grevlex GB of J(g, F) = (F) + J,44(jac(g, F)) is

o((r+3)) (7))
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%1, 9 € klx x,] all homogeneous
of degree §. Generically, the number of arithmetic operations in k
required to compute a grevlex GB of J(g, F) = (F) + J,44(jac(g, F)) is

o((r+ (1)) (7))

This upper bound is not very
sharp since the Macaulay
matrices are not full rank!
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The F algorithm [Faugére, 2002]

Letk = F,, = grevlex .
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Letk = F,, = grevlex .
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The F algorithm [Faugére, 2002]

Letk = F,, = grevlex .
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fi = 5x* + 5%y + 3)* + 5xz + 5z + 62° ﬂ
fo =2 +xy + 49> + 2xz + 47
fi =4 +xy + 4y + 3%z + 5yz + 22

q g q Bardet, Faugére,
Precise complexity analysis [ o=k Sl

{ND reductions to zero.
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How do we remove
reductions to zero?




Contributions [G., Neiger, Safey El Din, 2024]

GivenF = (f;, ..., f) Ckix,, ..., x,]and g € klx, ..., x,], allhomogeneous
of degree 8, compute a grevlex Grobner basis of

J(g.F) = (F) + jp+1(jac(g» F)).
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Contributions [G., Neiger, Safey El Din, 2024]

GivenF = (f;,.. ., fr) Cklx, ..., x,]and g € klx, ..., x,], allhomogeneous
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Example (Koszul syzygies)

Definition (Syzygy)
@y an) € Kbo... %" fi = 1) il (f)
- =18
afi+ -+ Gpf =0 LT(fi)f; = fifi — tail(fi)f;
e
is called a syzygy of fi, . . .., fin. ME%;?EY l;zr;%g’%téz::i

. Reductions
S fF ‘ ‘ .
yzygies o ‘ ‘ to zero in Fq

Theorem (Hilbert’s syzygy theorem) [Hilbert, 1890]

. d dos d
Free resolutiono — & 5 &, 5 ... 5 & B & S (F) 0 —

Syz,(F) = ker(dy) = im(di11).
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Theorem [Eagon, Northcott, 1962]
If Mis ap X q matrix of generic polynomials, the syzygies of this form
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The algorithm

Fo domm e Conjecturally no
g reductions to zero.

GBof first n —p—1
columns of jac(g, F)

Generically no
Fgdmmmmmmmmmmmm e - syzygies between F and

Fp+1(jac(gv F))

h

GB of
(F) + jp+1(jac(g» F))




A complexity analysis
Theorem [Spaenlehauer, 2013]

F e Kkix,..., xy] a regular sequence and g € klx,, ..., X,] generic, then
Sy2(F U Fyun(jac(g, F))) = Syz(F) @ Syz(Epya jac(g, F))-




A complexity analysis
Theorem [Spaenlehauer, 2013]

F e Kkix,..., xy] a regular sequence and g € klx,, ..., X,] generic, then
Sy2(F U Fyun(jac(g, F))) = Syz(F) @ Syz(Epya jac(g, F))-

Rank of Macaulay matrix in degree d is given by Hilbert function.




A complexity analysis
Theorem [Spaenlehauer, 2013]

F e Kkix,..., xy] a regular sequence and g € klx,, ..., X,] generic, then
Sy2(F U Fyun(jac(g, F))) = Syz(F) @ Syz(Epya jac(g, F))-

Rank of Macaulay matrix in degree d is given by Hilbert function.

Eagon-Northcott
complex




A complexity analysis
Theorem [Spaenlehauer, 2013]

F e Kkix,..., xy] a regular sequence and g € klx,, ..., X,] generic, then
Sy2(F U Fyun(jac(g, F))) = Syz(F) @ Syz(Epya jac(g, F))-

Rank of Macaulay matrix in degree d is given by Hilbert function.

Eagon-Northcott Hilbert function of
complex maximal minors




A complexity analysis
Theorem [Spaenlehauer, 2013]

F e Kkix,..., xy] a regular sequence and g € klx,, ..., X,] generic, then
Sy2(F U Fyun(jac(g, F))) = Syz(F) @ Syz(Epya jac(g, F))-

Rank of Macaulay matrix in degree d is given by Hilbert function.

Eagon-Northcott Hilbert function of
complex maximal minors

Complexity

IfF = (fi....fp) Cklx,....xu], g € klxi, ..., x,] all homogeneous of de-
gree 5, and HFY) (d) is the Hilbert function of the first j columns of jac(g, F),

n—p—1

> HFY(d— (p+1)8) <” _;_ 1)

j=1

rows removed from Mgy (F U Fp,(jac(g, F))).
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