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For zero-dimensional systems:

r?an{degf}o(# of variables) [Lazard, 1983]
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The F5 algorithm ( )

Let k = Iy, == grevlex .

(f1,...,fm) generic
fi = 5%* + 5Xy + 3y + 5XZ + 57 + 67 ﬂ
for=2¢ 4 xy+ 4y + 2z + 47

= Ly Txy+ 4y2 4 3xz 4 5yz + 22 No reductions to zero.

M, M,
XZ Xy yZ Xz yz ZZ Xy Ry xP Y Xz Xyz xz Yz X2 xR YR x2 oy 7
(¥ (5 5 3 0 05 5 0 0 6 0 0 0 0 0
(1,1) Gw|o s 5 3 00 5 5 0 0 6 0 0 0 0
a¥)lo o 5 5 3 0 0o 5 5 0 0 6 0 0 0
(2,1) x|o 0o o o 05 5 3 0 5 5 0 6 0 0
@y)|lo o o o 00 5 5 3 0 5 5 0 6 0
@) @2)]o 0o o 0o 00 0o 0o 0 5 5 3 5 5 6
Crr e 0020 00 4 0 0000
. ] @w)|0 2 1 4 00 2 0 0 0 4 0 0 00
Lazard: M, is 18 x 15. @vylo o 2 1 4 0 0o 2 0 0 0 4 0 0 0
. 2|0 0 0 0 0 2 1 4 0 2 0 0 4 0 0
Fs: M. is 15 x 15 and full rank! Gl 0 5 000 2 1 4 0 2 o0 0 4o
@7)|0o 0o 0o 0 0 0 0 0 0 2 1 4 2 0 4
(3.xy)
Gy |0 0 4 1 4 0 0 3 5 0 0 2 0 00
Gx|o o o o 0 4 1 4 0 3 5 0 2 0 0
Gy)|lo o o o 0 0 4 1 4 0 3 5 0 2 0
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Precise complexity analysis '
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The F5 algorithm ( )

Let k = Iy, == grevlex .

(f1,...,fm) generic
fi = 5%* + 5Xy + 3y + 5XZ + 57 + 67 ﬂ
fr = 2 + Xy + 47 + 2x7 + 47°

=4 +x+ Determinantal systems
o are not generic!

ero.
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The F5 algorithm ( )

Let k = Iy, == grevlex .

(f1,...,fm) generic
fi = 5%* + 5Xy + 3y + 5XZ + 57 + 67 ﬂ
fr = 2 + Xy + 47 + 2x7 + 47°

=4 +x+ Determinantal systems
o are not generic!

ero.
analysis '
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Contributions ( )

M is an n x n matrix of generic linear forms over k[x,...,x¢], r < n —1. Let
F-(M) be the system of (r 4+ 1)-minors of M. Suppose F(M) is
zero-dimensional.

New Fs-type criteria

- Allows us to avoid all reductions to zero in degree r + 2

2
~ n w +2r+2 | reductions avoided.
r+2 n—r—1

- When r = n — 2, allows us to avoid all reductions to zero.

Theorem ([G., Neiger, Safey El Din, 2023])
The complexity of computing a grevlex Grobner basis for the system of
(n —1)-minors of M is in

n*™3) and |GB| € Q(n°®)

Homogeneous: O(n*™") =~ o .
conjecturally

Affine: o(n*)



Syzygies

Definition (Syzygy) |

(a1,...,am) € Kk[x1,...,xx]" with
a1ﬁ+"'+amfm20

is called a syzygy of fi, ..., fm.
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fi = LT(fi) + tail(fi)
4
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Syzygies

Example (Koszul syzygies) }

Definition (Syzygy)
fi = LT(fi) + tail(f7)

(a1,...,am) € Kk[x1,...,xx]" with
(8
a - +a =0 .
thi4 oo+ amfm LT(f, = £f, — tail(F)f
is called a syzygy of fa,...,fm. el combination of
matrix Macaulay matrix

Reductions

SiEiEs O 7 to zero in Fs

Theorem ([Hilbert, 1890])
. do_ ]
Free resolution 0 — & 25 &, 1 X ... s g Dy gy & (F) =0 =

Syz,,(F) = ker(dg) = im(dgi1).
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mj = determinant of submatrix of M given by deleting i-th row, j-th column.
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The Gulliksen-Negard complex

mj = determinant of submatrix of M given by deleting i-th row, j-th column.
fo fo fo fu
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The Gulliksen-Negard complex

mj = determinant of submatrix of M given by deleting i-th row, j-th column.

fu fo fo fu 0
mu — fam mi — fuMi, =
Type | f fo fn fu fumu — fama + famiz — fum
_ —> { f1Mu = foMyy + framiz — foumiy, = 0

X X X X

fa fi fi o fu



The Gulliksen-Negard complex

mj = determinant of submatrix of M given by deleting i-th row, j-th column.

frn fo fi fu 0
mu — fam mi — fuMi, =
Type | f fo fn fu fumn = fomu + fami — fuma
_ —> { f1Mu = foMyy + framiz — foumiy, = 0

fa fi fi o fu



The Gulliksen-Negard complex
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The Gulliksen-Negard complex

mj = determinant of submatrix of M given by deleting i-th row, j-th column.
frn fo fi fu

Type | fn fa fn fu

fﬁ‘\ f32 f33 fﬁh

X X X X

fumu — fama + fami — fumu, = 0
—> { famn — famy + fami — faumi = 0

faimn — famaz + fsmiz — fasmu = 0

fu fo fa fu
fn fo fs o fu
fﬂ f}z f}} f}Q
fu fu fo fu



The Gulliksen-Negard complex

mj = determinant of submatrix of M given by deleting i-th row, j-th column.
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fﬁ‘\ f32 f33 fﬁh
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The Gulliksen-Negard complex

mj = determinant of submatrix of M given by deleting i-th row, j-th column.
frn fo fi fu

Type | fn fa fn fu

fﬁ‘\ f32 f33 fﬁh

X X X X

fumu — fama + fami — fumu, = 0
—> { famn — famy + fami — faumi = 0

faimn — famaz + fsmiz — fasmu = 0

fZW fZl f)j fl&
fn fo fuo fu
fa fi fi o fu

fumn — famu + fzsms — frumn

Type Il



The Gulliksen-Negard complex

mj = determinant of submatrix of M given by deleting i-th row, j-th column.
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The Gulliksen-Negard complex

mj = determinant of submatrix of M given by deleting i-th row, j-th column.
frn fo fi fu
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The Gulliksen-Negard complex

mj = determinant of submatrix of M given by deleting i-th row, j-th column.

fo fo fi fu .
Type | fn fa fa fa I ={eliip B =i =
——> { famu — famo + fami — fumu =0
fa fa fn fu

faimn — famaz + fsmiz — fasmu = 0
X X X X

faimar — faimzi + faima — fome + fismis — fumu =0

faima — f2M2 + f3maz — fasMas
: : - fuma + faimst — famar — f2Ma + fsmas — fumay = 0

Type Il I



The Gulliksen-Negard complex

mj = determinant of submatrix of M given by deleting i-th row, j-th column.
frn fo fi fu B
Type | fn fo fa fu famn = fizMz + fiam — fuurme = 0

—> { f1Mu = foMyy + framiz — foumiy, = 0
fa fa fn fu

faimn — fama + fsmiz — faamy = 0
X X X X
fu fo fu
fZl fzi flh
f f f f faima — f5iMar + faMa — fume + fismiz — fumu, =0
31M31 — [32M32 + J33M33 — J3aM3y
’ o ) ’ fuma + f3imz — fiamar — faMa + fr3Mas — fuma, = 0
Type Il I

~ framn — famar — faMa + famzn — fiamas + fzams, =0
JsrMaa



The Gulliksen-Negard complex

mj = determinant of submatrix of M given by deleting i-th row, j-th column.
fo fo fo fu

fumn — fum + fsmis — fumi, = 0
Type | fn fa fa fa ! ' '
B fo fo f ——> { famu — famo + fami — fumu =0
N f2 3 fu
faimn — fama + fsmiz — faamy = 0
X X X X
fu fo fu
fZl f23 fl&
f2 fi fu
p I f ; faima — f5iMar + faMa — fume + fismiz — fumu, =0
mm 52Muz + fa3My3 4w Mas
e ’ ’ fuma + faimst — famar — f2Ma + fsmas — fumay = 0
l —
Type ll R ) R fuma — famar — fama 4 foMz — fzmas + faamz, = 0
fuma — famar + f5ima — fumea

famn — fama + fama — fiaMuz + fiaMas — fauMas = 0



The Gulliksen-Negard complex

mj = determinant of submatrix of M given by deleting i-th row, j-th column.
fo fo fo fu ; P ; .
T | 1nMn — J2Mz 13M13 — JuuM =
oe fo T e f —— | famn — faMy + faMiz — foumiy = 0
f31 f32 f33 fﬁk

faimn — famaz + fsmiz — fasmu = 0
X X X X

fi fo fo fu Theorem ([Kurano, 1989])

\
fa fa fa fu The syzygies between the (r + 1)-minors of M are
f]W f}Z f}} f}h

generated by the syzygies between the (r + 1) minors of
fn o o the (r +2) x (r 4 2) submatrices of M.

famar — fams + fanMua — fame + famiz — fumu = 0
fuma + faimst — famar — f2Ma + fsmas — fumay = 0
fuma — famar — fama 4 foMz — fzmas + faamz, = 0

framn — fama + fMa — fomu + fisMas — fauMas = 0

furMu — fiaMuz + fusMaz — fasMas

Type Il I



The Gulliksen-Negard complex

mj = determinant of submatrix of M given by deleting i-th row, j-th column.
fo fo fo fu ; P ; .
T | 1nMn — J2Mz 13M13 — JuuM =
oe fo T e f —— | famn — faMy + faMiz — foumiy = 0
f31 f32 f33 fﬁk

faimn — famaz + fsmiz — fasmu = 0
X X X X

fi fo fo fu Theorem ([Kurano, 1989])

\
fa fa fa fu The syzygies between the (r + 1)-minors of M are
f]W f}Z f}} f}h

generated by the syzygies between the (r + 1) minors of
fn o o the (r +2) x (r 4 2) submatrices of M.

famar — fams + fanMua — fame + famiz — fumu = 0
fuma + faimst — famar — f2Ma + fsmas — fumay = 0
fuma — famar — fama 4 foMz — fzmas + faamz, = 0

framn — fama + fMa — fomu + fisMas — fauMas = 0

furMu — fiaMuz + fusMaz — fasMas

Type Il I

Takeaway: we can reduce to the case r=n — 2.
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New Fs algorithms - the general case
Matrix M of generic Generating set
linear forms for Syz(Fr(M))

#SyZ(Fr(M))=< " ) (A 1 arsa).

Leading terms | Fs . )
of Syz(F(M)); H Grobner basis for F(M)

r+2 n—r—1

Theorem ([Eagon, Hochster, 1971])

F-(M) has a free resolution of length (n — r)?.

Syz,(F/(M)) # 0 Cannot efficiently
for — compute a Grobner
basis for Syz(F,(M))

1T<R<(n—ry.
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New Fs algorithms - the case r=n — 2

Gulliksen-Negard | Generating sets
for Syz(F.(M))
and Syz,(F/(M))

Matrix M of generic
linear forms

Fs (module)

Fs (module) Grobner basis

for Syz, (Fr(M))

Grobner basis

for Syz(F-(M))

Fs

Grobner basis for F.(M) All reductions to zero are avoided
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F:(M) is in
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o) o(=)

Refined further to O(n**3) + |GB| € Q(n°)...

..assuming a specific Zariski open subset of A%”z is nonempty.
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Theorem ([Hilbert, 1890]) |

L graded, with -free resolution:

0—=>& > &E-—---— & —>L—0.

Then HF,(d) = 37 ,(=1) HF¢,(d).
Gulliksen-Negard ~»
34d—-(n-1
HF 2,01 () = n2< N ’)

HFe,(0) (d) = (2n° =2) (3 res ”)

HFe,(n11) (d) = n® <3 e —3(n ’ 1)>



Hilbert series

Theorem ([Hilbert, 1890]) |

L graded’ Wl'th — Lo o o o o 1. L o o
Corollary

The Macaulay matrix in degree d for Z,_,(M)

has rank
Then HF (d) =

2f4+d—n 2 3+d-—n 2f24+d—n
n< 3 >7(2n 72)< 3 >+ﬂ( z )

Gulliksen-Negai ame

34+d- nf1
HFgy(n—1) (d) = ﬂ(

HF¢,(n) (d) = (2n° — <3+d_ n)
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monomial 7 of degree deg(o), if T >4y o, then 7 € LMy (Z).
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Genericity: det( ) # 0.

Theorem |

If for any degree d, the reduced row echelon form of the Macaulay matrix
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or
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- Implications of sharper complexity results for cryptography schemes.

- Efficient implementations of new algorithms.
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